Abstract Paleoclimatic records indicate a decline of vegetation cover in the Western Sahara at the end of the African Humid Period (about 5,500 years before present). Modelling studies have shown that this phenomenon may be interpreted as a critical transition that results from a bifurcation in the atmosphere-vegetation system. However, the stability properties of this system are closely linked to climate variability and depend on the climate model and the methods of analysis. By coupling the Planet Simulator (PlaSim), an atmosphere model of intermediate complexity, with the simple dynamic vegetation model VECODE, we assess previous methods for the detection of multiple equilibria, and demonstrate their limitations. In particular, a stability diagram can yield misleading results because of spatial interactions, and the system's steady state and its dependency on initial conditions are affected by atmospheric variability and nonlinearities. In addition, we analyse the implications of climate variability for the abruptness of a vegetation decline. We find that a vegetation collapse can happen at different locations at different times. These collapses are possible despite large and uncorrelated climate variability. Because of the nonlinear relation between vegetation dynamics and precipitation the green state is initially stabilised by the high variability. When precipitation falls below a critical threshold, the desert state is stabilised as variability is then also decreased.
Introduction
Various proxy records have revealed that the Sahara was considerably greener and wetter during the early Holocene (Prentice et al. 2000) . The reason lies in the earth orbit's precessional cycle, which caused an increased summer insolation and thus more precipitation. In particular, the West African Monsoon was enhanced due to an increased land-ocean temperature contrast. However, the extent of these changes can only be explained with positive feedbacks in the climate system (Braconnot et al. 2007 ). According to climate models the most important contribution is the atmosphere-vegetation feedback (Claussen 2009 ). First, the high albedo of bare soils in the Sahara with values up to 0.5 (Pinty et al. 2000) implies a low energy input to the overlying atmosphere. Therefore, the negative atmospheric radiative budget has to be partly compensated by diabatic warming caused by sinking motion. Convection and thus precipitation are then suppressed and vegetation cannot establish, a feedback proposed by Charney (1975) for the Sahel region. Second, vegetation can act to increase evapotranspiration at the expense of drainage and runoff, thus moistening the atmosphere and allowing for more precipitation (Hales et al. 2004 ). In addition, the contribution of the ocean-atmosphere feedback to the strength of the Holocene West African Monsoon is also supposed to be positive (Liu et al. 2003 (Liu et al. , 2004 .
Climate modelling studies suggest that the atmospherevegetation feedback in Western Africa might allow for multiple equilibria of vegetation cover. This possibility can be illustrated with the conceptual model of Brovkin et al. (1998) , which consists of two equilibrium curves V * (P) and P * (V), where V stands for vegetation cover and P for precipitation in a specific area (Fig. 1) . While V * (P) is of nonlinear shape due to ecological thresholds, P * (V) is generally approximated as linear, because the impact of vegetation dynamics on precipitation is often small compared to geographical influences (Zeng et al. 2002) . The intersections of the two curves determine the equilibrium points of the coupled system.
To detect multiple equilibria of vegetation cover, mainly two strategies have been applied so far: the choice of idealised initial conditions (such as complete forest and desert states), and the construction of a stability diagram similar to Fig. 1 with various methods. By choosing different initial conditions in ECHAM3-BIOME, Claussen (1994 Claussen ( , 1997 Claussen ( , 1998 ) have found two stable states for the Western Sahara for present day orbital forcing. Similar results have been obtained in models of intermediate complexity: Zeng and Neelin (2000) have identified multiple solutions for present day, though only ''in a range of parameters at the margin of realistic estimates'' (Zeng and Neelin, 2000) . Wang and Eltahir (2000) have found even three stable states at present day, while Irizarry-Ortiz et al. (2003) have detected two stable states in the mid-Holocene. Multiple states in vegetation cover have even been obtained in tropical South America by Oyama and Nobre (2003) in an atmospheric general circulation model coupled to a potential vegetation model.
By using the conceptual model as a graphical method of stability analysis, Brovkin et al. (1998) have explained the existence of multiple equilibria in ECHAM3-BIOME by deriving parameters for the two equilibrium curves from the model output. For ECBilt-Clio-VECODE, a stability diagram also suggests the existence of multiple solutions (Renssen et al. 2003) . Based on a similar approach Levis et al. (1999) and Brovkin et al. (2003) have concluded that no multiple equilibria are possible in boreal latitudes, despite a substantial positive feedback between near surface temperature and forest cover.
The possibility of multiple states in vegetation cover suggests the occurrence of sudden transitions between these states, which are either noise-induced (caused by an external disturbance), or the result of a bifurcation at a critical parameter value (tipping point). Indeed, there are proxy records showing a rapid decrease in West African vegetation at the end of the African Humid Period, some 1,000 years before present (e.g. deMenocal et al. 2000; Salzmann and Hoelzmann 2005) . However, the timing and abruptness of this transition is site dependent. Other records indicate a more gradual transition in more easterly locations (Kroepelin et al. 2008; Lezine 2009) , and in tropical Africa (Vincens et al. 2010) .
The abruptness of this decline in vegetation cover also differs among climate models. While Claussen et al. (1999) have obtained a transition that is much more rapid than the change in orbital forcing, Renssen et al. (2003 Renssen et al. ( , 2006 as well as Schurgers et al. (2006) have only obtained a gradual vegetation decline. Furthermore, multistability does not necessarily imply an abrupt transition, or vice versa. The reason lies in the versatile effects of climate variability. Variability can smooth the gradients in vegetation cover and even lead to steady states that are distinct from any deterministic equilibrium (Zeng and Neelin 2000; Zeng et al. 2002; D'Odorico et al. 2005) . Furthermore, variability can even lead to the establishment of multiple stable states, as has been demonstrated with a coupled climate-ecosystem model by Liu (2010) , and with a box model for the North Atlantic Meridional Overturning Circulation by Timmermann and Lohmann (2000) . If it is sufficiently high, variability can obliterate a system's dependency on initial conditions (Wang 2004 ) and remove hysteresis effects (Guttal and Jayaprakash 2007) . In turn, variability itself can be influenced by the stability properties. For example, a flickering between two regimes can cause low-frequency variations (Wang and Eltahir 2000; Wang 2004 ) and a bimodal probability distribution (Livina et al. 2010) . The transition of a system passing a deterministic tipping point may then be only gradual, in the sense that the state's probability density changes only gradually when the critical parameter is varied. In contrast, rapid shifts are also possible in monostable systems: To explain the rapid vegetation decline in the complex atmosphere-ocean-land model FOAM-LPJ, Liu et al. (2006) have suggested low-frequency variations in precipitation, independent of vegetation Brovkin et al. (1998) for k = 300 mm. The blue lines represent the equilibrium of annual precipitation, calculated from P dynamics. Due to the vegetation's nonlinear dependency on soil moisture in arid regions, a rapid vegetation decline is then possible even in case of an only weak atmospherevegetation feedback.
In this study we further investigate the implications of climate variability for the detection of multiple equilibria and the possibility of rapid transitions. In Sect. 2 we describe the models and our experiment setups. We then present transient simulations of the mid-Holocene (Sect. 3), and apply and assess the methods of stability diagram analysis (Sect. 4.1) and extreme initial conditions (Sect. 4.2) We explain our results with a simple stochastic model, and in Sect. 5 apply it to document a new mechanism of vegetation collapse. Section 6 provides a short summary, a discussion of the implications for reality and other models, and our basic conclusions. We run PlaSim with T21 horizontal resolution and 10 vertical layers. As we only consider biogeophysical land-atmosphere feedbacks, atmospheric CO 2 is set to 280 ppm in all experiments, and ocean surface temperatures and sea ice properties are prescribed from present day observations and are the same in each year.
Vegetation model
Vegetation dynamics are represented by VECODE (Brovkin et al. 2002) , a dynamic global vegetation model of reduced complexity. With a timestep of 1 year, the equilibrium cover fractions of trees, grass and desert are calculated from precipitation, growing degree days above 0°C (GDD 0 ), and temperature. For this transformation analytical functions are used whose parameters have been tuned in order to match the observed relation between vegetation distribution and climate (Brovkin et al. 1997) . For dry deserts, the equilibrium vegetation fraction V * is calculated from annual precipitation P via
1:03 1þa P À bexpðcd=2Þ expðcdÞ 2 À 0:03 else,
where
Parameter values are a = 0.0011, b = 28, c = 1.7 9 10 -4 , and d = GDD 0 -900 K. The second condition corresponds to resetting d * to 0 once it becomes negative. For exploring abrupt vegetation dynamics, we create a second, more sensitive model by setting b = 140 and c = 1.7 9 10 -5 (Fig. 2, dashed line) . By doing so we accept that the modified VECODE is less realistic than the original one. As the strength of the atmosphere-vegetation feedback and the existence of multiple steady states in reality remains unclear (Liu et al. 2007; Claussen 2009 ), we aim to also represent a case of a particularly large feedback. To do this, we prefer the mentioned approach because the sensitivity of VECODE can be changed much easier and more directly than the sensitivity of the atmosphere model.
Coupling procedure
VECODE is coupled to PlaSim in two ways, equilibrium mode and transient mode. In equilibrium mode we run the atmosphere model for 10 years (if not stated otherwise), and average the climate over this period. The corresponding equilibrium cover fractions then provide the boundary conditions in PlaSim for the next iteration step. This approach is similar to previous studies like Claussen (1994) and Liu et al. (1999) . In transient mode, the cover fractions are updated each year and approach their (annually A linearisation leads to a relaxation law commonly used in simple dynamic vegetation models (e.g. Zeng and Neelin 2000; Zeng et al. 2002; Wang 2004; Liu et al. 2006) :
A similar equation is solved for tree cover. The cover fraction of grass is then determined as the difference between vegetation and tree cover, so that there is coexistence but no competition between trees and grass. In the dry regions of the Sahara/Sahel we are interested in, vegetation almost completely consists of grass so that vegetation dynamics can be described by Eq. 2 with s as the timescale of grass. In VECODE, s is calculated from net primary production (NPP), which depends on annual precipitation, annual mean temperature and atmospheric CO 2 . These dependencies are implemented as least squares fits of analytical curves to global observations of NPP, living phytomass, and climate. Interannual changes in s are mostly due to the variability in precipitation: In wet years, vegetation dynamics are faster than in dry years (Fig. 3) .
In each coupling step, the land cover types have to be transformed to surface parameter values. In PlaSim, the four parameters that are substantially affected by vegetation are background (snowfree) surface albedo, surface roughness length, bucket size and a parameter that controls the fraction of soil water available for evaporation (Fraedrich et al. 2005a, b) . For each land cover type (trees, grass and desert) we assume constant parameter values ( Table 1) that are combined by weighting with the land cover fractions in a particular grid cell. Most parameter values for trees and desert are from Fraedrich et al. (2005a, b) , in the other cases we chose values in agreement to the typical biomes in Claussen (1994) . In the case of roughness length we average the corresponding momentum transfer coefficients for neutral atmospheric stability at a height of 1,000 m (Stull 1988 ). In addition, this bulk vegetation roughness length is combined with orographic roughness by taking the root of their summed squares (Claussen 1994) . Surface albedo, bucket size and the fractional evaporation parameter are averaged linearly. For soil albedo Fraedrich et al. (2005a, b) chose a value of 0.28 globally, which is the maximum surface albedo at snowand icefree land cells in the uncoupled PlaSim. However, as the large differences in surface albedo between bare and vegetated ground in the Sahara/Sahel region are required to capture the local vegetation-atmosphere feedback, we modify the desert background albedo in Northern Africa and Arabia (approx. 14°W-47°E, 12-32°N). There, we assume a value of 0.4, while for the rest of the world we chose 0.28.
Experiments
We perform different types of experiments (Table 2) , whose details will be explained together with the results in the following sections:
• Experiments in transient mode with continuously changing orbital parameters, corresponding to the period from 8,000 years before present (8k) to 2,000 years before present (2k) • Experiments starting from idealised initial conditions (forest and desert world) with fixed orbital forcing, for both ways of coupling and both VECODE versions • Uncoupled PlaSim experiments of several 1,000 years length, with fixed orbit year, and surface parameters fixed to the mean conditions obtained from the transiently coupled experiments (after a steady state was reached) • Experiments with a simple stochastic model that is based on Eqs. 1 and 2, but describes atmospheric variability as a random process g with noise level r P . In analogy to the stability diagram of Brovkin et al. (1998) we assume a linear relation between equilibrium precipitation and vegetation cover fraction:
In this regard our stochastic model is essentially the same as in Wang (2004) and Liu et al. (2006) .
Vegetation dynamics from 8k to 2k
We run PlaSim-VECODE in transient mode and with both VECODE versions under changing orbital forcing from 8k to 2k. Each experiment is conducted twice with the same settings but different initial conditions in order to get an impression on the stochasticity of the time series. These alternative initial conditions are created by keeping the initial vegetation cover fixed for 2 years instead of one. In the following, we refer to the 9 9 4 grid cells in the area 14°W-36°E, 12-32°N as the Sahara/Sahel region. In this section we will use only descriptive terms like vegetation decline regardless of the underlying mechanism, while we reserve the term collapse for transitions that are related to a bifurcation. In all transient experiments, mean vegetation cover in the Sahara/Sahel remains almost stationary during the first 2,000 years, whereas a comparatively rapid decrease occurs between 6k and 5k (Fig. 4) . For the original VE-CODE, large fluctuations occur in the 100-year moving averages during the transition period, until the rate of vegetation decline decreases again around 5k. For the modified VECODE, this vegetation decrease is more abrupt and occurs in one major event. The evolution of spatial mean precipitation in the Sahara/Sahel region closely resembles the vegetation dynamics, although absolute changes are small between 5k and 2k.
An analysis of the local changes reveals that the rapid transition also occurs in Central Arabia and the Middle East. For the modified VECODE, a second, even more pronounced vegetation decline occurs between 4k and 3k in the south-western Sahara (Fig. 5 ). While these features can be seen in all experiments, the shape of each time series and the exact timing of the transitions differ among the two ensemble members.
Detection of multiple equilibria
4.1 On the use of stability diagrams Stability diagrams like Fig. 1 illustrate the nature of multistability, but they have also been used to infer the equilibria for a particular region in a complex climate model Wang 2004) . When simulating the Holocene with ECBilt-CLIO-VECODE, Renssen et al. (2003 Renssen et al. ( , 2006 ) obtained a rather gradual decline in vegetation cover in the Sahara/Sahel region, even more gradual than our result with the original VECODE, considering the smaller region in their Fig. 1c (Renssen et al. 2003) . However, the construction of a stability diagram lead to the conclusion that multiple equilibria exist in the early to midHolocene in ECBilt-CLIO-VECODE. The gradual decline In case of the uncoupled PlaSim experiments the initial surface conditions provide the boundary conditions during the complete experiment. ''Default'' refers to the original surface parameters in PlaSim. The existence of multiple states was determined by eye from the according time series, like those in Fig. 7 Tr transient coupling mode, Eq equilibrium coupling mode in vegetation cover was explained with the large atmospheric variability that supposedly caused frequent shifts between the equilibrium states. The specific method to construct a stability diagram differs among publications. Renssen et al. (2003) derived the P * (V)-line by connecting two points in phase space: the mean state of a coupled experiment and the mean state of an uncoupled experiment with fixed vegetation cover. When doing so the following limitations have to be considered: (1) The mean state of the coupled model does not necessarily correspond to a deterministic equilibrium. (2) The equilibrium curve P * (V) is not strictly linear. (3) Growing degree days are not a constant but differ from grid cell to grid cell, and also depend on vegetation cover.
However, we argue that the main caveat is the high dimensionality that cannot be adequately represented in a simple one-dimensional model. To demonstrate this we construct a stability diagram for 0k conditions with the following method:
• In 11 different experiments we prescribe a uniform and fixed grass cover in the Sahara/Sahel region, with cover fractions ranging from 0 to 1 in steps of 0.1. Each of these uncoupled PlaSim simulations has a length of 100 years, of which the last 90 years are averaged over time and over the Sahara/Sahel region.
• The resulting mean annual precipitation values of the 11 experiments represent the equilibrium precipitation curve P * (V) in the stability diagram.
• We draw the V * (P) curve (Eq. 2) by assuming a fixed GDD 0 value of 10,000 K. An analysis which takes into account that GDD 0 differs among grid cells and among the experiments leads to a different vegetation curve, but similar results regarding the number of intersections between V * and P * .
The resulting stability diagram (Fig. 2) clearly diagnoses two stable solutions for the modified VECODE that may also exist for the original version at an earlier time than 0k. However, we will show in Sect. 4.2 that no multiple equilibria exist in 0k. The reason for this contradiction lies in the spatial heterogeneity and the interactions among all grid cells via the atmosphere. For example, when Renssen et al. (2003) fixed vegetation cover to 0 in their region of analysis, the resulting mean precipitation could not sustain vegetation if it occurred at a single grid cell. Therefore, the one-dimensional stability diagram indicated a desert equilibrium. In the spatially resolved model some grid cells can nonetheless maintain vegetation which in turn potentially increases precipitation also at other cells. The alleged desert equilibrium may thus be nonexistent, because the one-dimensional simplification is not justified. We therefore argue that the construction of a stability diagram may yield misleading conclusions and in the following focus on the method of different initial conditions.
Extreme initial conditions: desert and forest world

PlaSim-VECODE results
In order to interpret the results of the transient experiments in terms of multiple equilibria, we run the coupled PlaSim-VECODE model starting from different initial conditions. This strategy may generally not be a trivial task, as it is not always clear how to chose the initial conditions. Also, more than two possible solutions could exist (e.g. Wang and Eltahir 2000; Dekker et al. 2010) . Putting these restrictions aside, we chose the extreme initial conditions of global desert and global forest (Fraedrich et al. 1999 (Fraedrich et al. , 2005a . In both cases, all land points except ice shields are initialised with the surface parameter values corresponding to complete forest or desert, respectively. To bring the free variables to an equilibrium with the extreme surface parameters, we run PlaSim for 15 years under forest and desert world conditions. After this spinup time the land cover types are allowed to change. We use this initialisation procedure regardless of the coupling method or VE-CODE version, and run the model until a steady state is obtained. The results are summarized as follows:
• For the original VECODE we find no multiple steady states. All model trajectories lead to the same mean state. This result is independent of time (between 8k and 0k), the way of coupling (transient or equilibrium mode) and the coupling frequency in equilibrium mode (up to 20 years).
• For the modified VECODE in transient mode, we find no multiple steady states, independently of the orbit year (8k, 4.5k, and 0k).
• For the modified VECODE in equilibrium mode, we find multiple steady states, whose extent and location depends on the orbit year (Fig. 6) . In 8k the bistable region extends from the southern margin of the Sahara desert to the central Arabian peninsula and the Middle East. In 4.5k, the only substantial difference between forest and desert run occurs at eight grid cells at the southern desert margin, now shifted to the south-west compared to 8k. The green state in the bistable regions resembles the steady state solution of the transient mode. However, in the monostable desert regions the transient mode produces greener conditions than the equilibrium mode.
In short, multiple steady states occur only for the modified VECODE in equilibrium mode, but not between approx. 7k and 5k ( Table 2 ). The latter is probably due to low resolution of our model and the concomitant large differences in precipitation between adjacent grid cells. As Fig. 1 illustrates, multiple steady states can only occur for a certain range of background precipitation P 0 . Following this concept, background precipitation at the grid cell line around 20°N after 7k becomes small enough that the desert state remains the only equilibrium, while a green equilibrium is still the only possible state at the more southern grid cells around 14°N. When background precipitation is further reduced, the bistability reappears at the southern grid The second row of panels shows the steady state when starting from forest world conditions, the third row shows the steady state when starting from desert world conditions (all with 10 years coupling frequency). In the last row, the difference (di) between these states is displayed. Results for 8k are in the left column, results for 4.5k in the right column. The red crosses mark the two grid boxes used for Figs. 5 and 10 cell line. In case of a higher resolution we would probably obtain a continuous shift of the bistable area to the southwest until its disappearance.
When comparing the geographical position of multiple states to the vegetation dynamics of our transient runs in Sect. 3, it becomes apparent that the most rapid vegetation decline occurs exactly in the bistable regions and shortly after the green state in equilibrium mode ceases to exist. In addition, the vegetation collapse is largest where the difference between the two states is high. Hence, the collapses in the transient experiments (in the Sahara, Arabia and the Middle East after 6k, and in the south-western Sahara after 4k) can be interpreted as critical transitions resulting from a bifurcation in the atmosphere-vegetation system. However, the question remains why there is nonetheless no dependency on initial conditions in transient mode.
Interpretation with the stochastic model
The behaviour of a bistable system that exhibits variability is often exemplified with stochastic motion in a potential, whose two wells correspond to the system's basins of attraction (e.g. Fraedrich 1978 Fraedrich , 1979 Wang and Eltahir 2000; Renssen et al. 2006; Scheffer et al. 2001 Scheffer et al. , 2009 Ditlevsen and Johnsen 2010) . If the noise level is small, the residence time in each well is very large and only one steady state can be observed in a time series. If the noise level is large compared to the potential barrier, a single peak is obtained in the probability density function (pdf) of the system's state variable at the potential's centre of gravity. In case of an intermediate noise level the system is supposed to flip irregularly from one regime to another, producing two separate peaks in the pdf. This behaviour is similar to PlaSim-VECODE in equilibrium mode: The more we reduce atmospheric variability by averaging over a larger number of years, the longer is the typical amount of time the system remains in the green regime (Fig. 7) .
However, this concept is inconsistent with our PlaSim-VECODE results in transient mode. The Lyapunov potential following Brovkin et al (1998) suggests two steady states for a certain range of P 0 :
To obtain the potential UðVÞ, Eq. 4 has to be integrated. As s decreases with V, the green regime will be stabilised in comparison with the desert regime, and the change in stability can happen faster than for constant s. Nonetheless, the number and position of deterministic equilibria do not change. The above-mentioned inconsistency therefore remains: If the noise level is considered as small, the system's steady state would depend on initial conditions. If the noise level is intermediate, the stationary pdf should be bimodal. If the noise level is large, the mean state should lie between the deterministic equilibria, and the observed variability should be larger in amplitude than the distance between the deterministic equilibria. All this is not the case in our transiently coupled experiments ( Table 2 ).
The reason is that the noise does not directly act on the changes in vegetation cover in Eq. 2 in the form of additive noise. Instead, a random precipitation anomaly in a particular year affects the vegetation change via the nonlinear relationship V * (P), on the basis of the interactive timescale s(P). Therefore, the noise must be interpreted as multiplicative (Horsthemke and Lefever 1984) .
We document these vital differences by calculating the empirical pdf from a time series of 10 million years from our stochastic model Eqs. 1, 2, and 3 (Fig. 8) . We chose the equilibrium vegetation curve from the original VECODE, P 0 = 60 mm, and k = 300 mm, so that the corresponding deterministic system has solutions at approx. V = 0, and V = 0.7. In the following, we always chose GDD 0 = 10,000 K and T = 27°C, as these are typical values in the Sahara/Sahel region in PlaSim-VECODE. The time series are calculated with FORTRAN-90, the pdfs with an advanced gaussian kernel density estimator for MATLAB (Botev et al. 2010) . In order to always capture both possible equilibria, we start from V = 0 and set V to 1 after half the total time. The 50 years following each of these resets are not used for the analysis. In case a, we add Gaussian white noise directly to the dynamical equation (Eq. 2), while precipitation is set to its equilibrium value For small noise levels, two peaks indicate the deterministic solutions, whereas for very large noise levels the bimodality disappears. In this additive case, we allow V to be larger than 1 or smaller than 0, for the sake of simplicity. In case b, we use Eq. 2 directly, treat precipitation as a Gaussian white noise process (while resetting negative precipitation values to 0), but still keep s fixed at 5 years. This case corresponds to the stochastic model in Liu et al. (2006) . Finally, in case c we also consider the dependency of precipitation on the vegetation timescale. The stochastic conceptual model is then fully described by Eq. 1, 2, and 3. For sufficiently large noise levels, the only steady state is again very similar to the deterministic green equilibrium, while the desert state has disappeared. The fact that the timescale of expansion is shorter than the timescale of vegetation dieback (Fig. 3 ) results in greener conditions in comparison to the case with a fixed timescale. The reason that no multiple steady states are found in transient mode is not simply the intensity of the noise itself, but rather the effect of the noise on the stability properties of the system. This effect corresponds to the noise-induced stability D'Odorico et al (2005) have found in their dryland vegetation model. Atmospheric variability is also the reason why monostable desert regions tend to be greener in transient mode than in equilibrium mode: Although mean precipitation as such is not sufficient for vegetation, the critical threshold can be exceeded in exceptionally wet years and vegetation will temporarily establish. As vegetation cover cannot become negative, its temporal mean will thus also be positive. This effect corresponds to the greening effect described by Zeng et al. (2002) . In equilibrium mode however, VECODE simulates a complete desert and the boundaries between desert and grass are more pronounced. Also in similarity to Zeng et al. (2002) , these boundaries are more pronounced in the modified VECODE than in the original version, because the V * curve is then steeper.
5 On the mechanism of vegetation collapse
Relation between system state and noise level
It has been claimed that large atmospheric variability must lead to an only gradual decline in vegetation cover, for example as obtained in the intermediate complexity model of Renssen et al. (2003 Renssen et al. ( , 2006 , and in the stochastic model of Liu et al (2006) in the case of white noise. Nonetheless, PlaSim-VECODE simulates an annual precipitation standard deviation of the order of 100 mm, and can still exhibit a vegetation collapse. Therefore, the question arises why PlaSim-VECODE can exhibit rapid vegetation changes despite the large atmospheric variability.
To explain a similar behaviour in their model, Liu et al. (2006 Liu et al. ( , 2007 suggested low frequency climate variability. Due to the memory effect of soil moisture, a small but sufficiently long lasting precipitation decline can cause a collapse of vegetation cover, even without a strong feedback between atmosphere and vegetation. In the uncoupled PlaSim we do not find any substantial autocorrelation of spatial mean annual precipitation in the Sahara/Sahel region (Fig. 9) . Very similar results are obtained for each single grid cell. It becomes obvious that the decorrelation time of the atmosphere is considerably shorter than the timescale of grass in PlaSim-VECODE. Even when we calculate the autocorrelation function of soil moisture instead of precipitation, the results look very similar to Fig. 9 . Hence, our assumption of white noise in the stochastic model is justified and the mechanism of collapse is not the same as in Liu et al. (2006 Liu et al. ( , 2007 .
Instead, it has to be considered that the noise level and the state of the system affect each other. In the dry desert with very low mean precipitation, the absolute variability Fig. 8 Probability density functions of vegetation cover in the stochastic conceptual model with P 0 = 60 mm and different noise levels. a Additive noise with s = 5 years, b multiplicative noise with s = 5 years, c multiplicative noise with interactive s. r P is given in mm/year must also be small. For very low mean annual precipitation the distribution in PlaSim is similar to an exponential distribution but becomes more and more symmetric for increasing mean values. This property is obtained at every grid cell in the Sahara/Sahel region and is also independent of the orbit year. To capture these features as well as to avoid negative precipitation values we now represent precipitation as an inverse normal distribution in our stochastic model (Fig. 10) . It is of further advantage that this distribution is described by the same parameters as the Gaussian distribution, mean and standard deviation. The mean l P still consists of the first two terms in Eq. 3. As the similarity between Fig. 11c and a, b illustrates, our results do not qualitatively depend on the choice of the distribution function.
To demonstrate the implications of the interaction between noise level and steady state we calculate the pdfs of vegetation cover fraction in our stochastic one-dimensional model for different values of background precipitation and two different noise levels r P (Fig. 11a, b) . The deterministic stability properties can be inferred from Fig. 1. • For P 0 = 70 mm and P 0 = 60 mm two deterministic equilibria exist. The green state in this case is so stable that it is the only steady state for both noise levels. When by chance a dry event with only little vegetation occurs, and variability is reduced at the same time, the green state will only become more stable and the system returns to green conditions. Fig. 11 Probability density functions of vegetation cover in the stochastic conceptual model for different values of P 0 at constant noise levels r P (a, b) and interactive noise level (c). Values of P 0 and r P are in mm/year. The experiment length is 10 7 years for fixed r P , and 10 8 years for interactive r P . l P represents the mean of the precipitation probability distribution for a particular year Fig. 9 Autocorrelation function of annual precipitation averaged over the Sahara/Sahel region for uncoupled (uncpl) and coupled (cpl) experiments in transient mode. From each run, the years 2,000-3,000 are used for the calculations. The 2r-confidence bounds for white noise are indicated by the green lines
• For P 0 = 40 mm, the desert state is the only deterministic equilibrium, although in the presence of large noise greener conditions occur as often as dry conditions. • For approx. P 0 = 50 mm the deterministic system is at a bifurcation point. The stability diagram then suggests a stable desert solution while the green equilibrium is only marginally stable. In the presence of large noise (Fig. 11a) , green conditions still have maximum probability due to the noise. However, if one assumes that the noise level is reduced as soon as a state of low vegetation cover occurs, Fig. 11b applies. Suddenly, the desert state becomes more probable and the system may not escape from its dry state anymore.
To illustrate this concept we do not prescribe a fixed noise level anymore but calculate it from mean precipitation interactively, as suggested by our uncoupled experiments: For each single grid cell the relation between mean and standard deviation of annual precipitation is close to linear, especially under very dry conditions (Fig. 12) . A similar relation holds in the transient experiments presented in Sect. 3, independent of the time period or grid cell. Therefore, a constant factor between mean and standard deviation of the precipitation distribution function, r = l P /r P , seems justified, in analogy to D'Odorico et al. (2005) . For the stochastic model we chose a value of r = 2.
The stochastic model with interactive noise level
As a result of coupling the noise level to vegetation cover, the pdf will not change qualitatively in a large range of P 0 , whereas it responds quite sensitively to P 0 around 55 mm, which is slightly larger than the critical point of the corresponding deterministic system. As the mean of the distribution rapidly shifts from high to low V as P 0 falls below the critical threshold, the system can tip from a green state to a desert state, in analogy to a deterministic tipping point. However, in contrast to a deterministic catastrophic shift, no multiple states are involved: The stochastic model only shows a bimodal pdf in a parameter range that is much smaller than the hysteresis loop of its deterministic counterpart (approx. 50-60 mm, instead of 50-80 mm). Furthermore, the relative size of the peaks is exchanged almost abruptly as P 0 is varied (Fig. 11c) .
It must be noted that the bimodal parameter range as well as the abruptness of a shift is much dependent on our choice of r. When analysing the pdfs of vegetation cover in PlaSim-VECODE (runs T-Orig-5.5k, as well as TF-Mod-4.5k or TD-Mod-4.5k), we also do not obtain any clear bimodality, neither for the spatial mean nor at any particular grid cell. In addition, no considerable hysteresis effect becomes apparent when comparing the experiments with forward (T-Mod-for1 and T-Mod-for2) and backward (TMod-back1 and T-Mod-back2) orbital forcing. For values of r around 2, the conceptual stochastic model comes closest to these properties of PlaSim-VECODE. Hence, the conceptual model can explain the PlaSim-VECODE results, although we did not aim to derive precise parameter values for the conceptual stochastic model from PlaSim-VECODE. The agreement of r = 2 to the results from individual grid cells (Fig. 12) is therefore convenient, but not compelling.
As in the deterministic case, the abruptness of the vegetation decline in our stochastic model also depends on the strength of the atmosphere-vegetation feedback. However, the system's behaviour during the transition period is subject to chance. To get an impression on the different possibilities we run the stochastic model approx. 50 times for k = 200 mm (weak feedback; monostable) and k = 300 mm (strong feedback; bistable between approx. P 0 = 80 mm and P 0 = 50 mm). Figure 13 shows two realisations for each value of k. If the feedback is as strong as to allow for multiple equilibria, then sudden transitions always occur. Sometimes an early collapse is obtained, after which the system recovers before it finally drops into the desert state (k = 300 mm, realisation 1), a behaviour that resembles our experiment T-Mod-for1 (Fig. 5) . In other (or often the very same) cases, a short post-collapse rebound occurs (k = 300 mm, realisation 2), a feature that also exists in some proxy records (e.g. deMenocal et al. 2000) . In the case of the monostable system rapid changes can still occur (k = 200 mm, realisation 1), but usually the decline is more gradual as the unimodal pdf smoothly shifts towards lower V (k = 200 mm, realisation 2). Considering the one-dimensional concept of the stability diagram, the system must show an increased variance when the range of maximum slope in V * (P) is passed. This is due to the flattening of the corresponding Lyapunov potential (Brovkin et al. 1998) , that causes slowing down of the system (Scheffer et al. 2009 ). The increased variability during the transition period in Renssen et al. (2003 Renssen et al. ( , 2006 can also be interpreted as such a temporary slowing down, instead of flickering between multiple states. In our stochastic model however, we generally do not obtain an increased variability in the weak feedback case, because the level of external noise is coupled to the state V of the system which shows an overall decrease.
If we chose a particularly small feedback parameter (below k = 200 mm), the stochastic model does not simulate any collapse. The stable collapse of Liu et al. (2006) (which is associated with an only gradual decline in precipitation) then remains the only mechanism to explain an abrupt vegetation decline.
Summary and conclusions
By performing experiments with PlaSim-VECODE for different ways of coupling, different strengths of the atmosphere-vegetation feedback, and different orbit years in the Holocene we have investigated the stability properties of PlaSim-VECODE and the nature of the transient evolution of vegetation cover in the Sahara/Sahel region. We have also illustrated our interpretation with a conceptual stochastic model.
Our results can be summarised as follows:
• A stability diagram is a good demonstration of the concept of multistability, but it must be applied with care when inferring the stability properties of a spatially heterogeneous model. In this case, it can show equilibria that do not exist.
• The detection of multiple equilibria by choosing different initial conditions depends on the method of coupling between atmosphere and vegetation model. Atmospheric variability can obliterate a deterministic bistability, but beyond that it can act as multiplicative noise and change the stability properties themselves. • A vegetation collapse is possible despite large and uncorrelated climate variability, provided 1. a positive and sufficiently strong atmosphere-vegetation feedback, and 2. an impact of the system's state on the intensity of variability. PlaSim-VECODE is an example for such a mechanism: Before the vegetation collapse, the green state is stabilised by the climate-dependent timescale and the large atmospheric variability. Once the system comes close to the desert state and background precipitation is sufficiently low, the desert state is stabilised due to the decrease in variability.
Our results imply that climate variability, in interaction with nonlinearities in the climate system, as well as spatial complexity must be considered for stability analysis. It also becomes apparent that the exact evolution of the system (such as abruptness of the transition, or the timing and existence of a post-collapse rebound) can strongly depend on the realisation. Even a most realistic climate model can then not be expected to agree with observations. It also remains unclear which mechanism most appropriately describes the Saharan vegetation decline in reality. This question cannot be answered on the basis of our model results alone. Limitations arise from the low resolution and the simplicity compared to comprehensive Earth System Models. Specifically, VECODE is an empirical rather than a process-based model, and it is lacking an annual cycle. Although soil moisture is an essential quantity of the atmosphere-vegetation system (Wang and Eltahir 2000; D'Odorico et al. 2005) , it is not represented in the model. However, as annual soil moisture in PlaSim also shows a white noise spectrum, a different coupling would probably not affect our results. However, our way of calculating surface parameters and evapotranspiration is very crude. Also, it is certainly not realistic to tie all physical surface properties that depend on vegetation cover to the same timescale.
The treatment of this timescale s is a critical component in VECODE because of its influence on the steady state. The relation s(P) originates from global observations of biomass turnover time in different ecosystems (Brovkin et al. 1997 ). According to these observations, dry ecosystems are dominated by woody plant types such as shrubs, which have a slower turnover rate than grasses in wet ecosystems. It is thus not compelling that the same relation should also hold for fast precipitation changes at a particular location. The model's response to large atmospheric variability may therefore not be appropriate. For example, a sudden interruption of all precipitation would result in an unrealistically slow dieback as between 4k and 2k in Fig. 5 (top panels). On the other hand, plant establishment and dieback in reality are due to very different biological processes and plant traits are known to adapt to changes in climate. Assuming a constant timescale as in previous conceptual studies may therefore also not be realistic. In this regard, our study tests the implications of a climate dependent timescale for a model's stability properties such as sensitivity to initial conditions. Furthermore, our main conclusions as summarised above do not rely on the exact formulation of s(P). In particular, a variable timescale is not an essential prerequisite for a collapse of a system that is subject to white noise. The reduction of variability after a shift has occurred can already be sufficient for a sudden transition, a feature that certainly applies to dry deserts. Concerning climate variability the lack of ocean dynamics is another limitation in our model studies, as the ocean introduces more variability, especially at low frequencies. Including the ocean would also influence the stability properties of the model (Zeng and Neelin 2000) , for example, the SST-monsoon-feedback could enhance the effect of the atmosphere-vegetation feedback (Liu et al. 2003 (Liu et al. , 2004 .
Apart from these uncertainties with regard to the real climate system, the question arises how applicable our results are to other models. It is self-evident that conceptual vegetation models with constant stochastic forcing and a fixed timescale can generally be descibed by the conventional approach of stochastic motion in a deterministic potential. The stability properties of the system may then be inferred from time series or even from the model formulation. However, both is not the case for models of high complexity. Whether our findings apply to any particular complex vegetation model remains an open question, because such models describe many different processes on different timescales, while there is essentially only one variable and one timescale determining grass cover in VECODE. As the atmosphere model's sensitivity to land cover changes also affects the strength of the atmospherevegetation feedback, stability properties are not determined by the vegetation model alone. In addition, the behaviour of the coupled model depends on the magnitude and the spectral properties of atmospheric variability. In the light of these aspects it is suggestive that properties similar to PlaSim-VECODE may also occur in other models.
Therefore, general implications for the detection of multistability and tipping points in climate models become apparent. Claussen (2008) summarises different methods that have been followed to identify multistable regions or subsystems in the earth system (''hot spots''): the choice of different initial conditions, the construction of a stability diagram, the analysis of variability under stationary conditions, the application of so-called ''early warning signals'' for a system that approaches a bifurcation point (Scheffer et al. 2009) , and the identification and quantification of mechanisms that can cause runaway feedbacks. Our results indicate that most of these methods may not be reliable under all circumstances: While variability can impede the first, and spatial complexity the second strategy, the stationary variability may also not provide the expected clues about the stability of a system. PlaSim-VECODE is a good example: Before the vegetation collapse in experiments T-Mod-for1 and T-Mod-for2, the system can reach a state similar to post-collapse conditions at some times. However, the pdf remains unimodal. With regard to these results it is suggestive that the applicability of early warning signals should be further studied, and that a good understanding of the underlying processes may be indispensable to detect and predict tipping points.
